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Abstract

Control barrier functions (CBFs) are a popular tool for safety certification of nonlinear dynamical
control systems. Recently, CBFs represented as neural networks have shown great promise due to
their expressiveness and applicability to a broad class of dynamics and safety constraints. However,
verifying that a trained neural network is indeed a valid CBF is a computational bottleneck that limits
the size of the networks that can be used. To overcome this limitation, we present a novel framework
for verifying neural CBFs based on piecewise linear upper and lower bounds on the conditions
required for a neural network to be a CBE. Our approach is rooted in linear bound propagation (LBP)
for neural networks, which we extend to compute bounds on the gradients of the network. Combined
with McCormick relaxation, we derive linear upper and lower bounds on the CBF conditions, thereby
eliminating the need for computationally expensive verification procedures. Our approach applies
to arbitrary control-affine systems and a broad range of nonlinear activation functions. To reduce
conservatism, we develop a parallelizable refinement strategy that adaptively refines the regions over
which these bounds are computed. Our approach scales to larger neural networks than state-of-the-art
verification procedures for CBFs, as demonstrated by our numerical experiments.

Keywords: safety verification, control barrier functions, neural networks, linear bound propagation

1. Introduction

Safety verification of autonomous control systems—such as unmanned aerial and ground vehicles or
robotic manipulators—is critical for their deployment in real-world environments (Hsu et al., 2024).
As aresult, certifying the safety of these systems, commonly modelled as nonlinear dynamical control
systems, has become increasingly important. To certify safety, control barrier functions (CBFs) have
emerged as an effective tool for enforcing forward control invariance. CBFs have been successfully
applied to robotic manipulators (Shaw-Cortez et al., 2021), vehicle cruise control (Ames et al., 2014),
bipedal robots (Agrawal and Sreenath, 2017), and satellite navigation (Breeden and Panagou, 2023).

Finding a CBF—particularly one that maximizes the control invariant set—remains an ongoing
challenge in the control literature (Ames et al., 2017; Xiao and Belta, 2022; Clark, 2021). A common
approach relies on sum-of-squares (SOS) programming (Wang et al., 2023), which formulates safety
and invariance conditions as semidefinite programs. However, SOS methods generally only apply
when the dynamics, control inputs, and candidate barrier functions are polynomial. In addition,
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finding a valid CBF typically requires careful selection of an appropriate monomial parameterization
basis for the barrier function.

To overcome these challenges, CBFs represented as neural networks—neural CBFs—have be-
come a popular alternative, enabling the inductive synthesis of barrier functions for a broad class of
dynamics and safety constraints (Zhao et al., 2020; Zhang et al., 2023; Hu et al., 2024; Abate et al.,
2021b). Neural CBFs allow for arbitrary nonlinear dynamics, and the expressiveness of the barrier
function can be increased with the neural network’s size, thereby expanding the obtainable control
invariant set. However, the main drawback of learning a candidate barrier function arguably lies
in the high cost of post-hoc verification required to prove that the candidate is a valid CBF. This
verification stage constitutes the primary computational bottleneck, constrained by two key factors:
(1) the size of the neural network and (2) the dimensionality of the dynamical system. Existing
verification approaches predominantly rely on satisfiability modulo theories (SMT) solvers (Zhao
et al., 2020; Abate et al., 2021a; Sha et al., 2021; Edwards et al., 2024) and mixed-integer program-
ming (MIP) (Zhao et al., 2022), both of which exhibit poor scalability with respect to network size.
Architecture-specific approaches (Zhang et al., 2023; Hu et al., 2024), meanwhile, lack generalization
to networks with arbitrary nonlinear activation functions needed for sufficient expressivity.

Our approach In this paper, we propose a scalable verification technique for neural CBFs that
overcomes the limitations of SMT-based verifiers while still allowing for arbitrary activation functions.
Instead of using SMT solvers to reason over the exact nonlinear conditions required for a function to
be a CBF, we derive sufficient linear conditions for more efficient verification of a neural candidate
barrier function. To compute these sufficient linear conditions, we extend linear bound propagation
(LBP) (Zhang et al., 2018) to derive linear upper and lower bounds on the gradients of the network.
Rooted in recent advances in neural network verification (Zhang et al., 2018; Shi et al., 2025), LBP has
been applied to the verification of discrete-time stochastic barrier functions (Mathiesen et al., 2023).
Our setting with continuous-time dynamics requires a derivative condition to establish set invariance,
necessitating linear bounds to the network gradients and linear relaxations of Lie derivatives.

We combine our techniques for computing bounds on the network gradients with McCormick
relaxation (McCormick, 1976) and certified bounds on the dynamics to derive linear upper and lower
bounds on the CBF conditions. Importantly, our approach supports the inclusion of control variables
in the invariance condition, making our approach attractive for use with downstream applications
such as safety filters (Wabersich et al., 2023). Finally, our verification approach is agnostic to the
neural network training and can (while beyond our scope) be integrated into common learner-verifier
frameworks for synthesizing neural CBFs (Peruffo et al., 2021; Dawson et al., 2023).

Overall, our key contributions are summarized as follows:

1. We introduce a novel method to verify candidate neural barrier functions via LBP and Mc-

Cormick relaxation, thereby eliminating the need for computationally expensive verification
procedures and enabling the verification of larger networks.

2. We develop a tailored and parallelizable refinement strategy that adaptively refines a simplicial
mesh over the state space, thus reducing conservatism in the lower and upper bounds.

3. We demonstrate that our approach enables the verification of neural CBFs with larger networks
than state-of-the-art SMT-based verification techniques.

We begin by providing background on neural CBFs for safety certification in Sect. 2. We introduce

our contributions on extending LBP in Sect. 3 and the verification procedure for the CBF in Sect. 4.

Finally, we experimentally demonstrate the scalability of our approach to larger networks in Sect. 5.
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2. Problem Formulation

We consider nonlinear control-affine dynamical systems with state space X ~ R", where the state
X 2 X evolves according to

x(1) = F(x(1) + g(x(D))u(D); €))

with continuous functions f: X ¥ R"andg: X ¥ R™ ™ and a bounded control input u(t) 2
U = [u;u] R™. The control objective is to ensure that the state X(t) remains within a desired
measurable set S X forallt 0, which we refer to as the safe set. To guarantee the system
remains safe (i.e., within the safe set), we relate safety to the notion of control invariance.

Definition 1 A setC  R" is said to be control invariant with respect to Eq. (1) if, for any X(0) 2 C,
there exists a measurable control signal u: [0; 1) ¥ [u; U] such that X(t) 2 C forallt Q.

To find a control invariant subset of the safe set, we synthesize a control barrier function (CBF) (Ames
et al., 2019). A continuously differentiable function B: X ¥ R is a CBF for Eq. (1) and the safe
set S if the superlevel set C = fx 2 X : B(x) 0g satisfies C S, and there exists an extended
class-K function : R ¥ R (i.e., is strictly increasing and (0) = 0) such that, for all X 2 C,

LeB(X) +sup[LgB(x)u] + (B(x)) O 2
u2U

where L£B(X) := rxB(x)f(X) and LgB(X) := ryB(x)g(X) denote the Lie derivatives of B along
T and g, respectively.

Theorem 2 [Ames et al. (2017)] If B is a CBF for the dynamical system in Eq. (1) and the safe set S,
then the superlevel set C is control invariant with respect to Eq. (1).

Theorem 2 enables different formulations of the safety verification problem. For instance, given a set
of initial states X, X, one may seek to prove that the system in Eq. (1) is safe with respect to S
and all xX(0) 2 X, by finding a CBF B such that X,  C. Alternatively, one might aim to find a CBF
whose superlevel set C maximizes the volume contained in S.

2.1. Neural Control Barrier Functions

Finding a CBF can be challenging, especially for nonlinear dynamics and nonconvex safe sets. As
such, it has become common practice to learn a CBF, often by training a feedforward neural network
B : R" ¥ R with parameters (Dawson et al., 2023).

B : R ¥ R™ defined as B (x) = (h) h(t- 1 h® hW)(x); where hW(z; 1) =
OWDzi | +bWDY = z; is the i™ layer with parameters W('_) 2 RM Ni 1gpd b® 2 R for
zi 12 R" 1andzi 2 R™, and nonlinear activation function () :R ¥ R.

Applying  (D() to a vector zj 2 R™ is understood as an elementwise application of the scalar
activation function (V. For each layer i, define the pre-activation output asy; = W Vz; | + b
and the post-activation output as zj = (i)(yi). We assume the final layer does not have an activation
function, i.e., (Y(yL) = yL. Thus, the final output is B (X) = z,_ = y,. To allow deriving linear
bounds on the activation function and its derivative in Sect. 3, we make the following assumption.
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Assumption 4 We assume that the activation function is semidifferentiable.

The candidate barrier function can be trained on by minimizing a loss function that resembles
a differentiable version of the CBF conditions. Various approaches have been developed to guide
the training, many of which are rooted in counterexample-guided inductive synthesis (CEGIS)
techniques (Abate et al., 2018; Dawson et al., 2023).

2.2. Problem Statement: Certification of a Valid Control Barrier Function

When working with neural CBFs, a key challenge is to verify that a trained neural network is indeed
a valid CBF. In this paper, we focus on this verification problem, which is formalized as follows.

Problem 5 Given the dynamics in Eq. (1), a safe set S, and a candidate neural CBF B , verify that
B is avalid CBFE i.e., the superlevel set C of B is a control invariant subset of the safe set S.

To solve Problem 5, we need to establish that B satisfiessC =fx2 X :B (X) 0g S and
the condition in Eq. (2) is satisfied, which can be encoded by the following formula:

%8 00y sp 28 0

=8x2S: B(X)<0_ gx)u+ B (x) O

@x 3)
~8x2S¢:[B (x)<0];

where S© = X n 'S is the complement of S. The satisfiability of the formula implies that the
candidate barrier function B is a valid CBF. Previous works (Peruffo et al., 2021; Abate et al., 2021a;
Sha et al., 2021; Zhao et al., 2020; Abate et al., 2021b) have used SMT solvers for quantifier-free
nonlinear real arithmetic to search for satisfying assignments of the negation of . However, using
SMT solvers introduces a significant computational bottleneck, thus limiting both the size of the
neural network and its input dimension (corresponding to the state space dimension).

Overview of our approach To enable the use of larger neural networks, we circumvent rea-
soning over quantifier-free nonlinear real arithmetic and instead consider linear over- and under-
approximations of the nonlinearities in the formula . To obtain these over- and under-approximations
over a domain of interest X, we will bound the value B (X) and gradlents X 8 ) of the network
(discussed in Sect. 3), and the dynamics T and g (discussed in Sect. 4.1). In Sect. 4.2, we combine the
resulting linear bounds into a (conservative) linear surrogate jinear fOor . In particular, satisfiability
of the surrogate |iear implies satisfiability of —and thus proves that B is a valid CBF. Finally, in
Sect. 4.3 we present our refinement strategy crucial to reducing conservatism of jipear-

3. Linear Bound Propagation for Neural CBF Verification

In this section, we describe how to compute linear upper and lower bounds on B (X) and its gradients
@B@ ™) over a fixed domain of interest, denoted as X. We compute the bounds on B (X) using
existing linear bound propagation (LBP) techniques from Zhang et al. (2018). Construction of the

bounds on B (X) is discussed in Appendix B and yields

B(X)=AgXx+ag B (x) Agx+ag =B (x); 8x2 : 4)

By contrast, the bounds on the gradient @@7)&)() require further relaxation of bilinear terms and the
derivatives of the activation function, which cannot be computed using standard LBP. In this section,
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we present our first key contribution, which is an extension of LBP that incorporates these further
relaxations to bound the gradient. We draw inspiration from Wicker et al. (2023), which obtains
gradient bounds via a backward pass with interval bounds. In contrast, we use LBP to obtain tighter
bounds and, as in Eiras et al. (2024), apply McCormick relaxations to the bilinear terms. As a novel
feature, we formulate bounds with respect to pre-activation outputs and relax the bilinearity induced
by the composition of successive layers. Notably, this approach eliminates the need for an additional
forward pass of the neural network, as required in, e.g., Eiras et al. (2024). Our approach yields the
following bounds on the gradient, with their construction being given in the proof of Theorem 6.

Theorem 6 (Linear bounds on Jacobian) Given an (L + 1)-layer neural network B (X) as in
0B (x)

Def. 3 and a domain X, we can construct linear bounds on == for all X 2 of the form
B (x — N
88 (0= x+_ o0 Txem =58 () )
where the inequalities are understood elementwise and the coefficients (_; _; ;) are computed

recursively through affine relaxations of the layer Jacobians.

Proof We can write the gradient via the chain rule as the product of the Jacobian of each layer:

B (x
@@§)=rhlmwaLorAZML“aLﬁ rh® @) rphV@):  ©)

The Jacobian J () 2 RM _”i 1 of layer i is defined by the derivative of the activation function (M)°
and the weight matrix W (V:

@yi
0zi 1

where diag(x) is the diagonal matrix for the vector X. We recursively bound the product of the
Jacobians in Eq. (6). First, we construct linear bounds on the Jacobian of the final layer. Then,
the Jacobian of each previous layer i 1 is combined with the current bounds on the product of
Jacobians from layers i to L. Thus, we seek to derive the following sequence of bounds:

=diag '(y;) W;

JM = r 1h(i)(Zi 1) = g)j/:(yl)

_Wy+ B 3By) 7(L)YL +—b)
Oy @ 3@ IOy Oy a0 =L 1

product of the Jacobians for two layers i and i+ 1 in the remainder of this proof. This requires writing
J (+1) in terms of y;. To do so, we substitute yj,; with W (+1) () (y:) + b(+1) and use the linear
bounds on (Y (y;) computed during the forward pass of standard LBP. The resulting linear lower and
upper bounds of J (1) (y;) are given in Eq. (27) of Appendix B. Using Einstein notation, an element
(j; k) of the resulting product is a sum over the index p: (J (+1J (i))jk =(J (i+1))jp(J (i))pk. We
use McCormick relaxations (McCormick, 1976) for bilinear terms to obtain

@@ D @) D+ (3 T30 D (@ )30 D
@ 5@ Mo @ ip@ Dpre + @ 3o @ @3 Vi
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where (J (i))pk and (j(i) )pk denote interval bounds for (J (i))pk over . Since either of the two
lower bounds is valid individually, we consider the convex combination with parameter jpx 2 [0; 1]:

@@ D ke (@)@ Do+ (3 )o@ Do ()53 D)
+ (1 e @@ O+ @)@ @@k
Let Gt = max(G;0) and G = min(G;0) be the positive and negative parts of a matrix G.
Substituting the affine bounds for (J (i))pk and (J (1) jp yields
@)@ N @+ @ @ COpmyim + P
+ k@M@ @ Cpkmyim + C )
T e ) T L) WS R 6 AL) Wil
+ " jomYim + CHip ik @ D+ (1 )@ i
k@@ Mo @ @)@ ) )
@B (x)

To obtain the overall bounds on , we first bound the product of J ()3 (& 1) and then recur-

sively obtain bounds on the product }‘:i JWfori=L 2;L 3;:::;1byapplying Eq. (7) to
L

bound the product of J (V) and =it J U), Repeating this process yields the bounds in Eq. (5). W

The computation of the linear bounds can be efficiently batched, which enables efficient and

parallelized use of the GPU for computing bounds on @B@)EX) over multiple regions  simultaneously.

4. Verification Procedure
Having bounded the values and gradients of B , we now turn to bounding the dynamics in Eq. (1)

and combining all bounds into a conservative but linear surrogate for the formula in Eq. (3).

4.1. First-Order Model of the System Dynamics

We derive upper and lower bounds on the nonlinear system dynamics (X) and g(x) by certified
first-order Taylor expansions over the domain X, which are defined as follows.

Proposition 7 (Certified first-order Taylor expansion) Letf : X ¥ R"andg: X ¥ R" M
be continuously differentiable functions, and let X be a convex domain. Then, there exist
hyperrectangles R R" and Ry~ R™ ™ such that forall x 2,

)2 (@) +rxf(O)(x ¢)) Re 9(x) 2(9(c) + rxg(@)(X c¢) Rg;
where  denotes the Minkowski sum and ¢ 2 is the expansion point.

Using the Lagrange error bound, the remainder terms R¢ and Ry can be efficiently computed when
T and g are twice continuously differentiable (see Appendix F). When f or g are not given in
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elementary form, linear relaxations can be computed from the (local) Lipschitz constant. In the case
that T or g are represented by neural networks, linear bounds can be obtained efficiently using LBP,
analogous to the computation of bounds on B (X). We denote the linear bounds on f(X),x 2 , as

f(X) = Asx+bs  r¢; f(x) = Agx +br +Tg;
where r'¢; F¢ are the lower and upper bounds on R¢. The bounds on g(X) are denoted analogously.

4.2. Linear Bounds on the CBF Constraint

Having derived certified linear bounds for all terms in the CBF conditions, we now construct the
linear surrogate of Eq. (3) to solve Problem 5. We denote bounds over the domain of interest  as

) B
Bmin MINB (X)  Bpax; @Bmin  Min 0B (x) @Bmax;
X2A x2A  @X
Fmin min f(X) Fuax Gmin szlg g(X)  Gmax: €]

which can be easily computed from the linear bounds already derived in Sects. 3 and 4.1. As in
Sect. 3, we define GT = max(G;0) and G = min(G; 0) for the matrix G. We utilize McCormick

relaxations to bound the drift term @B (X T (X) based on the bounds in Eq. (8):

000 (Con D+ (Canl ) TR+ (Cr( )88 ()

+ (CF( )) @?(X) @BminFmin + (1 )@ BmaxFmax

where 2 [0; 1] defines the convex combination of the McCormick inequalities, via Cgg( ) =
O0Bmin + (1 )@Bhax, and Ce( ) = Fuin + (1 )Fiax. We rewrite Eq. (9) in affine form as

@B (X)

€))

) @it )X+ @i ); (10)

with the coefficients and constant terms defined as

aritiL( ) = Cee( )Af + (CE( )" _+(Cr()) (11)
aritsL( ) = Cea( )bs  (Cor( )" re +(Cea( ) T+ (Cr( ) _
+ (CF( )) a @Bmin I:min + (1 )@Bmax Fmax : (12)

Next, to bound the contfgl term, recall from Sect. 2 that U = [u;; Uj], such that supyoy J (X)g(x)u =
J[n:1 maXxy;2fu; ;o] 2:1 Jp(X)gpj (X) uj: As with the drift term, we can derive linear bounds

for the term 3:1 Jp(X)gpj (X), denoted as v;j (x) and V;j(X), so that we write the control term as:

0B () X o .
SgB 79(X)U max MJ (X)Qj ’ MJ (X)uj - Ctrl;L( )X + ctrl;L( ) (13)
u j=1

Finally, we combine the bounds on the control and drift term to derive a linear surrogate jiyear Of
the formula defined in Eq. (3):

linear -= 8X2S: B7()() < 0_ invar(x) ~8x2 SC : B7()() <0 ; (14)
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where invar(X) is a SAT formula that represents the CBF invariance condition in Eq. (2):

invar(X) = drift;L( ) + ctrl;L( ) + AB X+ drift;L( ) + ctrl;L( ) + QB 0: (15)
The formula 6., can be used as a conservative surrogate of the original formula , i.e., satisfaction
of jinear implies satisfaction of . This yields the next theorem, for which the proof is in Appendix D:
Theorem 8 If jinear is satisfied, then in Eq. (3) is satisfied and B (X) is a valid CBF.

Counterexamples We extend our framework to search for counterexamples of , i.e., satisfying
assignments to the negation of in Eq. (3). We define the linear surrogate for the negation of as

NEG :=9x2S: B(x) 0~ NEG(x) _9x2s®: B(x) 0 ; (16)
where the SAT formula Elga? (X) is defined as
NECO) = antev( )+ env( )+ Ag X+ aureu( )+ wnu( )+ @ <0 (17)

Note that Egs. (16) and (17) use the opposite bounds on each term compared to Eqs. (14) and (15).
Hence, any satisfying assignment of X to Erigr is also a satisfying assignment to the negation of
and thus proves that B is not a valid CBF. This ability to provide counterexamples enables the use of

our approach in common counterexample-guided learner-verifier frameworks (Peruffo et al., 2021).

4.3. Refinement of the Domains for Linear Bounds

Linear upper and lower bounds are generally overly conservative over large input domains. As a
result, for a given domain , the linear surrogates [jpeay and ﬁ]nEe(;’r might both be unsatisfiable, i.e.,
the bounds are too loose to obtain a conclusive verification outcome. A standard way to mitigate
this conservatism is to employ an adaptive refinement strategy that splits regions in which both

linear and ﬂ?egr are not satisfied (Clarke et al., 2003; Dierks et al., 2007; Tiwari and Khanna, 2002).
Refinements with hyperrectangular regions are especially common due to their simplicity (Mathiesen
et al., 2025; Zikelic et al., 2023; Junges et al., 2024; Badings et al., 2025). Closest to our setting
is Mathiesen et al. (2025), which prioritizes refinements in the dimension that contributes most to the
Lagrange error bounds of the Taylor expansion used for linearizing the dynamics.

When certifying CBFs, however, identifying suitable refinement directions is substantially more
difficult. The CBF invariance condition in Eq. (2) generally couples multiple input dimensions in a
nonlinear manner, reducing the effectiveness of refinements based on hyperrectangular regions. To
overcome this problem, we instead adopt a simplicial mesh over the input domain, i.e., a partition

into simplices, and refine regions by splitting them along their longest edge.

Definition 9 (Simplex (Crane, 2018)) A simplex, , is the convex hull in R" of n + 1 affinely
independent points Vv = fvg;:::;VnQ, called its vertices: = convfvg;:::;vhg R™
S Initi_ally, we partition the input domain X into a set of simplices T \1,; Dl \q,g such that X
?:1 V. For each simplex |, we perform the next steps. First, we compute linear upper and
lower bounds on B (X) and evaluate these affine bounds at the vertices to obtain the maximal and
minimal attainable values of B (X) within that region (denoted as B« and B, respectively).
Then, we sequentially check for the satisfiability of the linear surrogate formulae i, and mﬂefr
defined in Eqgs. (14) and (16), as shown in Fig. 1. If the verification is inconclusive (i.e., both |jnear
and Efegr are unsatisfiable), we split ' along its longest edge and repeat the verification for both
sub-simplices. The satisfiability of ;6. for all simplices proves that B is a valid CBF as per

Theorem 8. By contrast, the satisfiability of YEC for any simplex proves that B is not a valid CBF.

linear
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Figure 1: Veri cation owchart illustrating the re nement and validation procedure for each simplex.

Batching simplices Our approach enables ef cient utilization of computational resources by
performing LBP on batches of simplices using GPUSs. In particular, we collect simplices that require
evaluation of i iNto batches and compute the necessary linear bounds on the invariance condition
jointly over each batch. By further parallelizing veri cation over simplices, potentially over multiple
GPUs, our approach allows for ef cient utilization of computational resources to handle more
challenging veri cation tasks involving larger networks.

5. Experimental Results

We evaluate the effectiveness of our proposed approach in scaling to larger neural network archi-
tectures. We adopt standard benchmarks from the literature (Zeng et al., 2016; Zhang et al., 2023;
Abate et al., 2021a; Liu et al., 2015; Prajna, 2006; Zhao et al., 2020; Barry et al., 2012), along
with two novel benchmark2D ControlandCart Polg chosen to demonstrate the incorporation of
thesup, g(x)u term in Eqg. (2). Additional details on all benchmarks are provided in Appendix E.
Across all experiments, we employ ttenh activation function, as it consistently yields the largest
control invariant sets. Implementations of the corresponding relaxations feigtineid , RelLU,
andleaky-ReLU activation functions are included in the accompanying codébase x the
McCormick relaxation parameter to= % and clas« function =1 for all experiments. All com-
putations ran on a machine with an Intel i7-6700K CPU, 16 GB RAM, and an NVIDIA GTX 1060
GPU (6 GB VRAM). Detalils regarding network training procedures are provided in Appendix A.

Results Fig. 2 presents the veri cation results for tBarbouxbenchmark. As shown in this gure,

regions where the invariance condition (Eg. (15)) or the valu® ddre close to zero require the most

re nement, while the mesh can remain coarse in regions where even conservative linearization is

adequate to establish validity. The gures for the other benchmarks are presented in Appendix E.
Table 1 summarizes the veri cation performance across all benchmarks, reporting the network

size, the proportion of the state space satisfying the formufaEq. (3), and the corresponding

veri cation time. The column “number of regions” denotes the total number of regions examined

during veri cation, including those that required subdivision. Because our networks etaploy

activations, a direct comparison with prior ReLU-based veri cation methods (e.g., Zhang et al.

1. The code can be found hattps://github.com/Zinoex/verification-of-neural-cbf-via-lbp
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Figure 2: lllustration of the neural control barrier functidh (x), the CBF invariance condition
from Eq. (2), and the resulting veri cation regions after adaptive mesh re nement.

Table 1: Veri cation results for the numerical experiments.

Our approach dreal
Model Network Time (s) Certied (%) #regions | Time(s) Result
Barrier 2 [64, 64] \ 1.66s 100.0 1432 \ 635.36s 3
Barrier 3 [64, 64] \ 5.83s 100.0 3554 \ 1820.33s 3
Barrier 4 [64, 64] | 25.37s 100.0 25446 | Timeout -
Darboux [128, 256, 128] 144.68s 100.0 9142 \ Timeout -
2D-Control [64, 64, 8] \ 5.86s 100.0 4608 \ N/A
Cart-Pole [64, 64] \ 2146.84s 100.0 302609$ N/A

(2023)) is not meaningful. Instead, we compare against the SMT-based veri cation approaches
of Abate et al. (2021a); Edwards et al. (2024), implemented via the SMT sileal (Gao et al.,

2013). For a fair comparison, we use identically trained networks in both veri cation pipelines. As
shown in Table 1, our method achieves substantial performance gains over SMT-based veri cation,
ef ciently accommodates control inputs, and scales to signi cantly larger neural networks.

6. Conclusion

We have presented a scalable veri cation framework for neural control barrier functions that effec-
tively handles larger neural network architectures and incorporates control inputs into the veri cation
process. By leveraging linear bound propagation and rst-order Taylor expansions, we constructed
upper and lower linear bounds on the nonlinearity inherent in the veri cation task, thereby circum-
venting the need for SMT solvers capable of reasoning over quanti er-free nonlinear real arithmetic
formulae. Our numerical experiments on a variety of benchmarks have demonstrated that our ap-
proach applies to a wide class of dynamics and to nonlinear activation functions, outperforms existing
SMT-based veri cation tools, and scales to signi cantly larger networks. Future work will consider

extending our veri cation framework to certi cates of speci cations beyond invariance, such as for
reachability and avoidance.

10
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Appendix A. Neural Network Training

Learning a candidate barrier function is inherently challenging and somewhat heuristic; it is not the
primary focus of this work. We therefore brie y summarize the training procedure used to @tain
which is subsequently employed in our veri cation benchmarks.

The neural networB is trained using a two-phase curriculum learning schem@&hbse 1the
model learns to distinguish between safe and unsafe regions, wiileaise 2the CBF invariance
condition is introduced to enforce forward invariance of the safe set. During training, batches
of samplesD are periodically generated and divided into safe and unsafe subsetnd Dy,
respectively. We also de nB as the topp-th percentile of unsafe samples with the largggix)
values, which are penalized more strongly to re ne the decision boundary.

Margins safe aNd nsafe €NCOUrage separation between regions, improving numerical stability.
The total loss minimized during training is:

Liotal = safelsafe* unsafelunsafe + unsafe-maxL unsafemax + cBF LcBF; (18)
Lsafe = Exops softplus _ ( sate B (X)) ; (19)
Lunsate = Ex2p, softplus (B (X)+ unsafe) ; (20)

L unsafemax = Exopp softplus . (B (X)+ unsafe) ; (21)
Lcer = Exaps Softplus r xB (x)f (x)+ max r xB (X)gx)u+ B (x)

(22)

wheresoftplus (z) = 1 log(l + e?) denotes a smooth approximationrt@x(0; z) with sharpness
parameter . We use distinct values for stability and gradient qualitysate = 100; ynsafe =

cer = 5. Optimization employs the AdamW optimizer with weight decay regularization. Phase 1
uses cosine annealing for smooth learning rate decay, while Phase 2 employs adaptive reduction
of the learning rate upon plateau detection. The weiglk is gradually increased during the
transition between phases to ensure stable curriculum progression. Hyperparameters are tuned using
Bayesian optimization, and the nal con guration is provided in the accompanying repository.

Appendix B. Linear Bound Propagation: Additional Remarks

To construct linear bounds d& over a convex domain X , we apply the LBP procedure
introduced by Zhang et al. (2018). For each layef the network, we consider linear relaxations of
the activation function () of the form

Gyim + ¢V Oyem)  Glyim + o; (23)

where the coef cientﬁ(i) ; GS]) ; gg); andgﬁ? are computed over the projection ofto thei'" layer.
We provide further details on linear relaxation of the activation function in Appendix C. By substitut-
ing these bounds into each layer, we bound the pre-activation ogiguas a function of; as

Vil (W(i+1) )+ Q(i)Yi + 9(i) +(W(i+1)) G(i)yi + g(i) + b(i+1); (24)
yisr (WD) GOy 4 g+ (WD) gy + g+ gfi+D) (25)
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By iterating this procedure from the input layer onward, we obtain linear bounds (with appropriate
coefcientsAg ;ag ;ag , andag ) on the valueB (x) of the network for allkk 2 of the form
B(x)=Agx+ag B (x) Agx+ag =:B(x); 8x2

For deriving the linear bounds on the gradient, we also require linear bounds on the activation
derivative (i)o(yi;m) over the projection of the domain onto thei ™ layer:

. . 0 (i .
SPyim + s Olyim)  Siyim + 5§ (26)
These can be used to boudd’)(y;). Each elementp; k) of the Jacobiard ()(y;) can be
expressed a8 ) i (yi) = ( %) pWéL): Since the WeighWél'() is constant, we can construct
af ne bounds for(J () (y;)) px by multiplying the weight by the activation derivative bounds. For the
lower bound, we obtain the following.
(SDyip + sOYWE)* + (5 yip + sYWE) (3 Oy pe 27)
The derivation of the upper bound is analogous to that of the lower bound and is thus omitted for
brevity. Using the bounds or(") (y;) from Eq. (23), we obtain the following lower bound f@r.1
as a function of;:

Vi 00 = (WE) (GRyim + o)+ (WSH™) (G yim + o) + |

_ _ _ o . X . . : .
= (Wj(r;m+1))+G$T'1){+ (Wj(r’:1+1)) Gg)}yi;m + q(Hl) + (W,-(r'n”)fgﬁ,? +(Wj(r;1+l)) oy
z

m
K)o | {z }
(K)j ),

Substituting the bounds an.1 into the expression for the lower bound(@f (*Y (y;));p vields:
| |
. . X ' o
WSy ST (Kjm Yim + (k) + 50

p
m ! !

X B ” _
(K)imyim + (k) + 5" 0 Oy pe

m

+ (WJ(p|+l) ) §j(i+l)

To obtain the interval bounds ofd ()(y;))jp over the domain , as used in the McCormick
constraints (Eg. (7)), we project bounds orthrough each layer according to Egs. (24) and (25).
For a simplex, this constitutes projecting each of the vertices and taking the minimum and maximum
over the projected vertex.

Appendix C. Linear Bounds on the Activation Functions

For a given activation function(y) and input intervall; u], we construct af ne relaxations for the
activation function, de ned as

GmYm + 9, (Ym) émym + Om;

and corresponding linear bounds on the derivative:

SmYm * Sn O(Ym) SmYm + Sm:
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A. ReLU Relaxation

Figure 3: ReLU Relaxation.

For the Recti ed Linear Unit (y) = max(0 ;y), the relaxation depends on whether the interval

Crosses zero.
 Active region (I 0):

szém:l; gm=§m=0
§m:§m:0; §m:§m:
* Inactive region (u  0):
gmzémzo, 7m:gm:
§m:§mzo, 7m=§m:
» Unstable region(l< O<u):
— u
Gy =0; Gm= L 9,=0; On= IGnm
Sy, = Sm=0; Sn=0; Sn=1,;

B. Leaky ReLU Relaxation

For the Leaky ReLU function(y) = max(y; y ) with 2 (0; 1):
» Active region (I 0):

Qm = Gm = 1’ gm =

§m = §I’T‘I = O, §m =
* Negative region(u 0):

gm = ém = ’ gﬁm =

§m = §m =0; Sm =

17

Om =0
Sm =
Om =0
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Figure 4: Leaky ReLU Relaxation.

» Unstable region(l< O<u):

sz; Gm:

S = Sm =0; Sm =

C. Sigmoid Relaxation

Figure 5: Sigmoid Relaxation.
The sigmoid activation (y) = ﬁ is convex fory < 0 and concave foy > 0. The derivative
has in ection points at Iog%sé and is concave in between the in ection points, and convex when

18
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Figure 6: Derivative of Sigmoid Relaxation.

the domain lies outside the in ection points. De ne

w0 _ qu) ),
Mact= =1 Mder= — 1

Lett, 2 (0;1) solve2t® 3t?+t
» Convex region

Mger = 0 and de nex» = log 1t?t? 2 (l;u). Then

m

Om (1) magtl;

Gn= qu); Gm=max g = (U Yuu
Sm= AX2) Mgerx?,  Sm= qu) mMgeu:

S = Mgern Sm = Mger,

» Concave region

Gm=Mai Gm= ) g .= () Mati  Tu= () W

Sm= Mder  Sm = Mgerr S = A) Maerli  Sm= Ax2) Myerxe:
» Mixed region: De ne
P —— P ———
1 1 4mge 1+ 1 4dmgyg y
= , = ; X =lo ;X =X
2 y 2 91Ty
and letftig  (0;1) be the real roots a3 3t2+t mger = 0 mapped to; = log 1t7't.
x  =argmin %)) MgerXi ; x* = arg max %)) MgerXi :
Then
G = Macg Gm = Macg 9n =Y MactX ; On =Y  MactX ; (28)
§m = mder; §m = mder; §m = O(X ) mderx , gm = 0(X+) mderx+: (29)
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D. Tanh Relaxation

Figure 7: Tanh Relaxation.

Figure 8: Derivative Tanh Relaxation.

The hyperbolic tangent activatior{(y) = tanh( y) is convex fory < 0 and concave foy > 0.
The derivative has in ection points at arctanhpl—é and is concave in between the in ection points,
and convex when the domain lies outside the in ection points.
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tanh(u) tanh(l tanh?(l) tanh?(u L
De ne Mg = ( 3 I (), der = ()u I ( ),andthemldpomm: ”T“
» Convex region
G, =1 tanh?(m); g, =tanh(m)  Gp m;
Gm = Mact Oy =tanh(u)  maqu;
§m = Mger; Sy = 1 tanhz(xtan) MderXtan,
S = Mer Sm=1 tanh?(l) mgel:
» Concave region
Gy = Mack g, =tanh(1)  macl;
Gm=1 tanh2(m); On =tanh(m)  Gmm;
S = Mger, Sm =1 tanhz(l) Merl;
S = Mer Sm=1 tanh®(Xw@n) MderXtan:
* Mixed region:
G, =1 tanh?(l); g, =tanh(l) Gl
Gm=1 tanh2(u); Om =tanh(u) G u;
§m = Mder, Sm — min 1 tanhz(x) MderX
x2[lu]
Sm = Meer, Sm=max 1 tanh®(X) MgeX :
x2[hu]

The tangent points for the derivative envelope are obtained by solving

2t 2t

Mger=0

fort = tanh( x);

Xtan = arctanh(t) 2 (l;u);

(30)

which specify where the parallel lines of slopge, become tight.

Appendix D. Proof of Theorem 8

Proof By the bound®8 (x) B (x) B (x), we can certify the sign d8 from its envelopes.
In particular, onS®, the conditionB (x) < 0impliesB (x) < 0. Likewise, onS, the condition
B (x) > OimpliesB (x) > 0. For invariance, for every 2 S we have

S0 wmiOx+ amil ) 31)
sp I g0gu e ()x+ an () @)
B(x) _x+ (33)
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Adding Eqgs. (31) to (33) yields the left-hand side of j,ya,. Since the right-hand side is nonnegative
on S forall X 2 S, it follows that

@B (x) @B (x)

f(X)+su Xu+ B (X 0: 34
B TOO+sup =5 =909 9 (34)
[ |
Appendix E. Benchmarks
E.1. 2D-Control

Barrier Function Bg(x) LA(Bg) + suplLg (Bg) - u] + a - By
3.939 : 4

11.77
9.82
7.88

2.960

1.981

1.002 5.94
%

=
0.023 4.00

R~
-0.5 2.05
_10 011 y m—By(x)=0

= LHS of Eq (2) = 0
-15 -1.83 - == Obstacle boundary

-0.956

-1.934

-2.913

Figure 9: 2D-Control: Illustration of the barrier function B (X), the CBF invariance condition, and
the resulting verification regions after adaptive mesh refinement.

States X = (X1;X2) 2 R? with affine control U = (Uy; Uy) and dynamics:

X1X9 10

= x3 01

u; (35)
Control bounds areu 2 [ L %]2. The state spaceis X =[ 3;3] [ 2;2], with the safe set defined
as S = Xnf(x;y) 2R?j (x 1:5)2+y2 0:3g.

E.2. Cart-Pole

The dynamics for the cart pole are taken from (Kimura and Kobayashi, 1999) with states X =
(y;y; ;-) 2 R* and single-input affine control u = F 2 R. The parameters are the cart mass
M, pole mass Mp and length L, gravitational acceleration g and pole-friction coefficient . The
cart-track friction . is neglected.

Define
gsin + cos mpL 2sin  =(m¢ + mp) p =(MpL)
(x) = 3 ; (36)
| 4 Mpoos
3 m¢ + mp
_ mpL 22sin (X) cos ' .
y(x) = P — : (37
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Then 2 3 2 3
X 1 mchos g (x)
gy )Z + E mc+mp z u; (38)
9“(X)
where
Ccos
g-(x) = 3 (39)
moamyL 4 Mecos
(me+mpL § e
The control bounds are U 2 [ Upax; Umax], With Upax = 10 N. The state space is
h i
=1 24,24 [ 373 &5 [ 221 R%: (40)

The safe set constrains only the cart position y (within the state space bounds for the other
coordinates): S = (y;VY; ;-) 2 X y 2 [ 2;2] . Parameters used in the benchmark are
me = 1:.0 kg, mp = 0:1kg, L = 0:5m, g = 9:81 m=s?, , = 0:01.

E.3. Darboux (Barrier 1 in Abate et al. (2021b))

Figure 10: Darboux: Illustration of the barrier function B (X), the CBF invariance condition, and
the resulting verification regions after adaptive mesh refinement.

Originally presented in Zeng et al. (2016), the system has been reported to not admit an LMI-
based barrier function with a degree less than 6 (Abate et al., 2021a), making it a common benchmark
to demonstrate the expressivity of neural CBFs. Using a large network and tanh activation functions,
we are able to obtain a larger control invariant when compared to e.g. Zhang et al. (2023).

States X = (X1;X2) 2 R? and autonomous dynamics:

v #
Xg + 2X1 X9
X = : 41
X; X2+ 2x2

The state space is X = [ 2;2] [ 2;2], with the safe set defined as S = Xnf(X;;X3) 2 R? j
x; +x3  0g.
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E.4. Barrier 2

Barrier Function Bg(x) VBg-f+a:Bg Verification Regions

-2.37
—-6.05 -1.0
—B(x) =0
-9.18 -15 = LHS of Eq (2) = 0
== Obstacle boundary

-5.04

=7.71

2.0 . 2.0 .0
-20 -15 -10 -0.5 00 05 1.0 15 20 -20 -15 -1.0 0.5 00 05 1.0 1.5 20 -20 -15 -1.0 -0.5 0.0 05 1.0 1.5 20
X1 X1 X1

Figure 11: Barrier 2: Illustration of the barrier function B (X), the CBF invariance condition, and
the resulting verification regions after adaptive mesh refinement.

Presented in Liu et al. (2015) and chosen for its high degree of nonlinearity and non-polynomial

(exponential and trigonometric) terms. States X = (X;; X2) 2 R? and autonomous dynamics:

#
e X14+xy 1 @)
X1 = ;
sin?(x;)

'Ble state space is X = [ 2;2] [ 2;2], with the safe set defined as S = Xnf(x;y) 2 R? j
(x 0:7)2+(y+0:7)2 0:3g.

E.S. Barrier 3

Barrier Function Bg(x) VBg-f+a-Bg Verification Regions

m— By(x)=0
= LHS of Eq (2) = 0
== Obstacle boundary

Figure 12: Barrier 3: Illustration of the barrier function B (X), the CBF invariance condition, and
the resulting verification regions after adaptive mesh refinement.

A modification of the dynamical system presented in Prajna (2006) with non-convex domains, as
in Abate et al. (2021a). States X = (X; X2) 2 R? and autonomous dynamics:

X2

X =
- X1 Xg+ gx3

(43)

The state space is X = [ 3;2:5] [ 2;1], with the safe set defined as S = XnXyusafe- The
unsafe safe set Xynsate 1S given by two obstacles, a disk and an L-shaped region. The circle is
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f(x;y) j (x+1)2+ (y +1)> 0:4%g while the L-shaped region is given by the union of two
axis-aligned rectangles, [[0:4;0:6] [0:1;0:5]] [ [[0:4;0:8] [0:1;0:3]].
E.6. Barrier 4

An Unmanned Aerial Vehicle (UAV) avoiding collision with an obstacle as presented in (Barry et al.,
2012; Zhang et al., 2023). States x = (X;y; ) 2 R3. The dynamics are
2

] 3
vsin
_ V COS Z
= g . xsin +ycos S’ (@4)
sin +

0:5+x2 +y?
with v = 1. The last component represents a heading-rate term that depends on the current
pose (X;y; ). The statﬁ)space isX =[ 2;2] [ 2,2] [ 3535l with the safe set defined as
S=Xnf(x;y) 2R?j x2+y2 0:2g.

Appendix F. Taylor Expansions of Elementary Functions over a Simplex

As certified Taylor expansions have been discussed in the literature, particularly in (Mathiesen et al.,
2025), we only briefly mention the extensions required to bound the expansion over a simplex. Let
f : X ¥ R" be continuously differentiable, and let the domain of interest be a simplex

n X X (0)
v=convfvg;vy;iiiivng = X = Vi i O i=1:
i=0 i
The barycentric coordinates j parameterize any point X 2 as an affig; combination of its vertices.
We chose the expansion point ¢ 2  to be the barycenter ¢ = n%rl i Vi. The Taylor expansion

of f around ¢ is F(X) = F(c) + ryxf(c) (X c)+ R(X), where the Lagrange remainder satisfies
R(x) = 5(x ¢y r2f( x)(x c),for x 2 . To certify the approximation, we construct bounds
[Ruin; Rmax] enclosing all possible values of R(X) over . To this end, we consider the quadratic
form q(X) = (J(x c¢))? arising in the remainder above, where J = r,f(c). Over a simplex, the
range of any polynomial can be bounded exactly by its Bernstein coefficients. Writing a degree-d
polynomial p(X) in barycentric form,

> I
P9 =""b B BYO) = %
jj:d reeeoN-

we obtain min b p(x) max b ,forx2 :Forthe quadratic term, the degree-2 Bernstein
coefficients can be computed directly from the vertex evaluations of the linear form L(X) = J(X ¢):
X

b (@) = b (L)b (L);
j ==t
where each b (L) equals the value of L at the corresponding vertex vj. This yields the certified
remainder bounds

Rinin = %mlnb (q) Mmin(foo); Rmax = %maXb (q) Mmax(fm);

with M i (fUO) and M.« (fUO) denoting lower and upper bounds on the Hessian entries of f over .
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